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Abstract 

For an abelian topological group G, let G denote the dual group of all continuous char- 
acters endowed with the compact open topology. Given a closed subset X of an infinite 
compact abelian group G such that w{X) < w{G), and an open neighbourhood [/ of in 
T, we show that |{x e G : x{X) C U}\ = |G|. (Here, w{G) denotes the weight of G.) A 
subgroup D of G determines G if the map r : G ^ D defined by r(x) = x I'd for x G G, is 
an isomorphism between G and D. We prove that 

z«(G) = min{|_D| : is a subgroup of G that determines G} 

for every infinite compact abelian group G. In particular, an infinite compact abelian group 
determined by a countable subgroup is metrizable. This gives a negative answer to questions 
of Comfort, Hernandez, Macario, Raczkowski and Trigos-Arrieta from [51 [SI [I^- As an 
application, we furnish a short elementary proof of the result from [1'6\ that a compact 
abelian group G is metrizable provided that every dense subgroup of G determines G. 

All topological groups are assumed to be Hausdorff, and all topological spaces are assumed 
to be Tychonoff. As usual, M denotes the group of real numbers (with the usual topology), 
Z denotes the group of integer numbers, T = M/Z denotes the circle group (with the usual 
topology), N denotes the set of natural numbers, P denotes the set of prime numbers, lo denotes 
the first infinite cardinal, and w{X) denotes the weight of a space X. If A is a subset of a space 
X, then A denotes the closure of A in X. 

1 Preliminaries and background 

In this section we give necessary definitions and collect five facts that will be needed later. These 
facts are either known or part of the folklore. However, to make this manuscript self-contained, 
we provide their proofs in Section [5] for the reader's convenience. 

For spaces X and Y, we denote by C{X,Y) the space of all continuous functions from X to 
Y endowed with the compact open topology, that is, the topology generated by the family 

{[K, U] : K \s a. compact subset of X and U is an open subset of y} 
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as a subbase, where 

[K,U] = {g^C{X,Y):g{K)^U]. 

Fact 1.1 If X is a compact space andY is a space, then 'w{C{X,Y)) < w{X) +'w(Y) +uj. 

For a topological group G, we denote by G the Pontryagin-van Kampen dual of G, namely 
the group of all continuous characters x ■ G ^ T endowed with the compact open topology. 
Clearly, G is a closed subgroup of C(G, T). In particular, a base of neighborhoods of in G is 
given by the sets 

W{K, U) = {xeG: x{K) C [/} = [K, U] H G, (!) 

where is a compact subset of G and U is an open neighbourhood of in T. 

We identify T = M/Z with the real interval (—1/2, 1/2] in the obvious way, and write 

T+ = {xeT : -1/4 <x< 1/4}. 

Definition 1.2 Let G be an abelian topological group. 

(i) For E C G and A C G, define the polars 

= {xeG\ x{E) C T+} and = {x e G \ x{x) G T+ for all x e A}. 

(ii) A set ii^ C G is said to be quasi-convex E = E^"^. 

(iii) The quasi-convex hull Qg{E) E Q G is the smallest quasi-convex set of G containing 
E. 

(iv) Following [SI [7], we will say that E Q G is qc-dense (an abbreviation for quasi- convexly 
dense) provided that Qg{E) = G, or equivalently, if = {0}. 

Obviously, E C E'^^. Therefore, a set C G is quasi-convex if and only if for every x G\E 
there exists x ^ such that xi^) 

The notion of quasi-convexity was introduced by Vilenkin [18j as a natural counterpart for 
topological groups of the fundamental notion of convexity from the theory of topological vector 
spaces (we refer the reader to [21 [1] for additional information) . 

Fact 1.3 Suppose that U is an open neighbourhood of in T and X is a compact subset of a 
topological group G such that W{X, U) = {0}. Then: 

(i) there exists n G N such that the sum 

Kn = iXU {0}) + {XU {0}) + . . . + (X U {0}) 
of n many copies of the set X U {0} is qc-dense in G; 

(ii) the subgroup of G generated by X must be dense in G. 

Item (i) of our next fact can be found in [3 E]. 

Fact 1.4 Let f : G ^ H be a continuous homomorphism of topological abelian groups. Then: 

(i) fiQaiX)) C QHifiX)) for every subset X ofG. 

(ii) If f{G) be dense in H and X is a qc-dense subset of G, then f{X) is qc-dense in H. 
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Definition 1.5 Following OE]) we say that a subgroup D of an abelian group G determines 
G if the restriction homomorphism r : G ^ D (defined by r[x) = X \d for x ^ G) \s an 
isomorphism between the topological groups G and D. 

This notion is relevant to extending the Pontryagin-van Kampen duality to non-locally com- 
pact groups O d]. Indeed, if G is locally compact and abelian, then every subgroup D that 
determines G must be dense in G; in particular, no proper locally compact subgroup of G can 
determine G. (We note that the original definition in [5, 6J assumed upfront that D is dense in 
G.) When D is dense in G, the restriction homomorphism r : G ^ D \s always a continuous 
isomorphism. 

The ultimate connection between the notions of determined subgroup and qc-density is es- 
tablished in the next fact. This fact is a particular case of a more general fact stated without 
proof (and in equivalent terms) in [6j Remark 1.2(a)] and [131 Corollary 2.2]. 

Fact 1.6 For a subgroup D of a compact abelian group G the following conditions are equivalent: 

(i) D determines G; 

(ii) there exists a compact subset of D which is qc-dense in G. 

Definition 1.7 According to (SJ [6], a topological group G is said to be determined if every 
dense subgroup of G determines G. 

Chasco [H Theorem 2] and AuBenhofer [U Theorem 4.3] proved that all metrizable abelian 
groups are determined. Comfort, Raczkowski and Trigos-Arrieta established the following amaz- 
ing inverse of this theorem for compact groups: Under the Continuum Hypothesis CH, every 
determined compact abelian group is metrizable (O Corollary 4.9] and [6, Corollary 4.17]). 
Quite recently, Hernandez, Macario and Trigos-Arrieta removed the assumption of CH from 
their result [131 Corollary 5.11]. We note that this theorem becomes an immediate consequence 
of our main result, see Corollary 12. 6[ 

Fact 1.8 [6., Corollary 3.15] If f : G ^ H is a continuous surjective homomorphism of compact 
abelian groups and G is determined, then H is determined as well. 

The following question remained the last principal unsolved problem in the theory of compact 
determined groups: 

Question 1.9 O Question 7.1], [H Question 7.1], [13l Question 5.12] 

(a) Is there a compact group G with a countable dense subgroup D such that w{G) > uj and 
D determines G? 

(b) What if G = T'^? 

We completely resolve this question in Corollarv 12.51 In fact, we even solve the most general 
version of this question with iv replaced by an arbitrary cardinal, see Corollary 12.41 

2 Main results 

Definition 2.1 If X is a subset of a compact abelian group G, then : G ^ C{X, T) denotes 
the "restriction map" defined by r^(x) = X fx for X ^ G. 

Observe that G{X,T) is a topological group and is a continuous group homomorphism. 
We refer the reader to ([T]) for the definition of W{X, U). 
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Theorem 2.2 Let X be a closed subset of an infinite compact abelian group G such that w{X) < 
w{G). Then for every open neighbourhood U of inT one has \W{X,U)\ = \G\. 

Proof. Consider first the case when w{X) < to. Then X must be finite. Note that the set 
W{X, U) is an open neighborhood of in the initial topology T of G with respect to the family 
{rjx : X G X} of evaluation characters rj^ : G ^ T defined by rfxiir) = vr(x) for every tt € G. Since 
topologies generated by characters are totally bounded, finitely many translations of W{X, U) 
cover the whole group G. Since G is infinite, this yields = \G\. 

From now on we will assume that w{X) > uj. The inequality |VF(X, [/)[ < \G\ being trivial, 
it suffices to check that |G| < \W(X, \J)\. 

Let be the map from Definition 12. H and let B. = r^{G). Note that ker C W{X, U), so 
I kerr^l < C7)|. If | ker = \G\, we are done. Assume now that | ker < \G\. Since G 

is infinite, we obtain 

\G\ = \G/keYr^\ = \r^{G)\ = \H\. (2) 

Let N be the subgroup of H generated by the open subset [X, U] H H of H. Then is a 
clopen subgroup of H, so the index of A'^ in i7 cannot exceed w{H), which gives 

\H\ = \N\ + \H/N\ < \N\+w{H) < \[X,U]riH\+iu + w{H). (3) 

Since w{H) < w{G{X,T)) < w{X) by Fact II. H and w{X) + lj = w{X) by our assumption, we 
obtain from ([3]) that 

\H\<\[X,U]nH\+w{X). (4) 
As w{X) < w{G) = \G\ = \H\ by ©, and \H\ = \G\ > to, from gD it follows that 

\[X,U]nH\ = \H\. (5) 

Finally, note that [X, U]nH = (VF(A, U)), which yields that 

\[X,U]nH\ = \r<^{W{X,U))\<\W{X,U)\. (6) 

Combining ([2]), ® and ©, we obtain the inequality |G| < \W{X,U)\. □ 



Corollary 2.3 If a closed subspace X of an infinite compact abelian group G is qc-dense in G, 
then w{X) = w{G). 

Proof. Let U be an open neighbourhood of in T such that U C T-|-. Since X is qc-dense in G, 
we have U) C X^ = {0}. Now Theorem 12.21 vields w{X) > w[G). The reverse inequality 

w{X) < w{G) is trivial. □ 

Our next corollary constitutes a major breakthrough in the theory of compact determined 
groups. 

Corollary 2.4 // a subgroup D of an infinite compact abelian group G determines G, then 
\D\ > w{G). 

Proof. According to Fact 11.61 D contains a compact subset X that is qc-dense in G, so \D\ > 
\X\ > w{X) (see, for example, [IH Theorem 3.1.21]). Finally, w{X) = w{G) by Corollary (is) 

□ 

Even the particular case of Corollary 12.41 provides a complete answer to Question 11.91 
Corollary 2.5 A compact abelian group determined by a countable subgroup is metrizable. 
Corollary 2.6 [13, Corollary 5.11] Every determined compact abelian group is metrizable. 



4 



Proof. Assume that G is a non-metrizable determined compact abelian group. Then w{G) > 
uJi, and so we can find a continuous surjective group homomorphism h : G ^ K = H^^ , 
where H is either T or Z(p) for some prime number p (see, for example, [;6, Theorem 5.15 and 
Discussion 4.14]). As a continuous homomorphic image of the determined group G, the group K 
is determined by Fact 11.81 Since K is separable (see, for example, |1H Theorem 2.3.15]), there 
exists a countable dense subgroup D oi K. Since K is determined, we conclude that D must 
determine K. Therefore, K must be metrizable by Corollary 12.51 a contradiction. □ 

Useful properties of determined groups can be found in [1]. 

A super- sequence is a non-empty compact Hausdorff space X with at most one non-isolated 
point X* [lOj. When X is infinite, we will call x* the limit of X and say that X converges to x* . 
Observe that a convergent sequence is a countably infinite super-sequence. 

AuBenhofer essentially proved that every infinite compact metric abelian group has a qc- 
dense sequence converging to 00 Our next theorem extends this result to all compact groups 
by replacing converging sequences with super-sequences. 

Theorem 2.7 Every infinite compact abelian group contains a qc-dense super- sequence con- 
verging to 0. 

The proof of Theorem 12.71 is postponed until Section [H 

Corollary 2.8 Every infinite compact abelian group G has a (dense) subgroup D which deter- 
mines G such that \D\ < w{G). 

Proof. Apply Theorem 12.71 to find a super-sequence X that is qc-dense in G. Let D be the 
subgroup of G generated by X. Clearly, \X\ = w{X) < w{G). Since G is infinite, w{G) must 
be infinite, and therefore \D\ <uj + \X\ < w{G). Finally, D determines G by Fact 11.61 □ 
Our next corollary provides another major advance in the theory of compact determined 
groups: 

Corollary 2.9 // G is an infinite compact abelian group, then 

w{G) = min{|Z)[ : D is a subgroup of G that determines G}. 

Proof. Combine Corollaries 12.41 and 12.81 □ 
We have been kindly informed by Chasco that our next corollary was independently proved 
by Bruguera and Tkachenko: 

Corollary 2.10 Every infinite compact abelian group G contains a proper (dense) subgroup D 
which determines G. 

Proof. Let D be a subgroup of G as in the conclusion of Corollary 12.81 Since G is an infinite 
compact group, we have \D\ < w{G) < 2'^^^^ = \G\. Therefore, D must be a proper subgroup 
of G. □ 

A subspace X of a topological group G topologically generates G if G is the smallest closed 
subgroup of G that contains X. 

Remark 2.11 (i) Item (ii) of Fact 11.31 can be restated as follows: A qc-dense subset of a 
compact abelian group G topologically generates G. Therefore, for a subset X of a compact 
abelian group G, one has the following implications: 

X is dense in G — > X is qc-dense in G — > X topologically generates G. (7) 

^This is an immediate consequence of [1] Theorem 4.3 or Corollary 4.4]. In fact, a more general statement 
immediately follows from these results: Every dense subgroup _D of a compact metric abelian group G contains a 
sequence converging to which is qc-dense in G. 
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(ii) The first arrow in ^ cannot be reversed. Indeed, take any qc-dense sequence S in T (see 
Lemma 14.51 for an example of such a sequence). Clearly, S is not dense in T. 

(iii) The last arrow in ([7]) cannot be reversed either. Indeed, it follows from the results in 
[To] that T*^ contains a converging sequence (i.e., countably infinite super-sequence) topo- 
logically generating T"^. This sequence, however, cannot be qc-dense in T"^ by Corollary 
[231 

According to a well-known result of Hofmann and Morris [15^ [T6] , every compact group G 
contains a super-sequence topologically generating G. (See also [T7] for a "purely topological" 
proof of this result based on Michael's selection theorem.) The emphasized text in Remark 
I2.11l fi) allows us to conclude that Theorem 12.71 implies the particular case of the theorem of 
Hofmann and Morris for compact abelian groups G. As it was demonstrated in Remark l2.11l fiii). 
a (super-)sequence topologically generating a compact abelian group G need not be qc-dense in 
G. Therefore, the conclusion of our Theorem 12.71 is formally stronger than that of (the abelian 
case of) the result of Hofmann and Morris. 

3 Characterization of qc-dense subsets and determining sub- 
groups of compact abelian groups in terms of C{X,T) 

We refer the reader to ([I]) and Definition 12.11 for notations used in our next theorem. 

Theorem 3.1 For a closed subset X of a compact abelian group G the following conditions are 
equivalent: 

(i) H^(X, U) = {0} for some open neighbourhood U of in T; 

(ii) is an isomorphism between the topological groups G and H = r^{G). 

Proof, (i)— >(ii) Let U be as in (i). Since kerr^ C W{X,U) = {0}, we conclude that is an 
injection. Since X is compact, 

{rf (0)} = r%m) = r%{W{X, U))=Hn{ge G{X, T) : giX) C U} 

is an open subset of H. Since H is a, subgroup of G{X,T), we conclude that H is discrete. 
Therefore, is an open map onto its image. 

(ii)— >(i) The assumption from item (ii) implies that H is a discrete subgroup of G{X,T). 
Hence, we can find n G N, compact subsets Kq, . . . , Kn of X and open neighbourhoods Uq, . . . ,Un 
of in T such that 

Hn(~]{gG G{X,T) : g{K,) C C/J = {r^(0)}. (8) 

i<n 

Define U = 0^^^ Ui. Now equation ^ yields W{X, U) = {0}. □ 

Corollary 3.2 // a closed subset X of a compact abelian group G is qc-dense in G, then is 
an isomorphism between the topological groups G and r^{G). 

Proof. Choose an open neighbourhood C/ of with U C T+. Since X is qc-dense in G, we have 
W{X, [/) C = {0}, and we can apply Theorem O to this U. □ 

Corollary 3.3 Let X be a closed subset of a compact abelian group G such that is an 
isomorphism between the topological groups G and r^{G). Then there exists n S N such that 
the sum 

Kn = {XU {0}) + (X U {0}) + . . . + (X U {0}) 
of n many copies of the set X U {0} is (compact and) qc-dense in G. 
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Proof. Apply Theorem 13.11 to find an open neighbourhood U of in T as in item (i) of this 
theorem. Then apply Fact ll.3( i) to obtain the required n G N. □ 



Corollary 3.4 For a subgroup D of a compact abelian group G the following conditions are 
equivalent: 

(i) D determines G; 

(ii) there exists a compact set X C Z? such that is an isomorphism between the topological 
groups G and r^{G). 

Proof, (i)— >(ii) Since D determines G, there exists a compact set X D which is qc-dense in G 
(Fact [TT^ . Then is an isomorphism between the topological groups G and r'^(G) (Corollary 

ED. 

(ii)^(i) Let X be as in item (ii). Apply Corollarv lS.SI to get n G N and Kn as in the conclusion 
of this corollary. Clearly, Kn is a compact subset of D. Since is qc-dense in G, D determines 
G by Fact [Ll □ 



4 Proof of Theorem 12.7 

We start with a partial inverse of Fact ll.4r ii). 

Lemma 4.1 Suppose that f : G ^ H is a continuous surjective homomorphism of compact 
abelian groups and X is a subset of G such that X n ker/ is qc-dense in ker/. Then X is 
qc-dense in G if and only if f{X) is qc-dense in H. 

Proof. If X is qc-dense in G, then f{X) is qc-dense in H by Fact ll.4( ii). 
Assume that f{X) is qc-dense in H. Let x ^ X'^- Since 

Qg (^) 5 Qg (^ n ker /) D Qkcr / (X n ker /) = ker /, 

one has x ^ (ker/)'^. Since ker / is a subgroup and T+ contains no non-trivial subgroups, 
this yields that x vanishes on ker /. Thus, x factorizes as x = C ° where ^ G -ff. Now 
X G X^ obviously yields ^ G f{X)'^. As f{X) is qc-dense in H by the hypothesis, this yields 
^ G f{Xf = {0}. Hence ^ = 0, and so x = as well. Therefore, X^ = {0}, and thus X is 
qc-dense in G. □ 

The following definition is an adaptation to the abelian case of [10^ Definition 4.5]: 

Definition 4.2 Let {Gj : i G /} be a family of abelian topological groups. For every i G /, let 
Xi be a subset of Gj. Identifying each Gj with a subgroup of the direct product G = Hie/ 
in the obvious way, define X = [J-^jXi U {0}, where is the zero element of G. We will call X 
the fan of the family {Xi : i £ 1} and will denote it by fanjg/(Arj, Gj). 

The proof of the following lemma is straightforward. 

Lemma 4.3 Let {Gj : z G /} be a family of abelian topological groups. For every i £ I , let Xi 
be a sequence converging to in Gi. Then fanjg/(A'j, Gj) is a super- sequence in G = Yli^jGi 
converging to 0. 

Lemma 4.4 Let {Gi : i G /} be a family of abelian topological groups. For each i £ I let Xi be 
a qc-dense subset of Gi. Then X = fanjg/(A'j, Gj) is qc-dense in G = Hie/ 
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Proof. Let x '■ G ^ T he a non-trivial continuous character. There exist a non-empty finite 
subset J of / and a family {xj S Gj : j & J} such that x{g) = SjejXj(5(i)) ^or g G G. Since 
J 7^ 0, we can fix Jq G J. Since Xj^ is qc-dense in Gj^, there exists x £ Xj„ C X such that 
Xio(^) ^ '^+- Finally, note that 

jeJ iei\{io} ieJ\{io} 

Therefore, x ^ This gives X^ = {0}, and so X is qc-dense in G. □ 

Our next three lemmas are particular cases of a general result of Auf5enhofer quoted in the text 
preceding Theorem 12.71 Her proof relies on Arzela-Ascoli theorem and inductive construction, 
so the qc-dense sequence she constructs in her proof is "generic" . To keep this manuscript self- 
contained, we provide "constructive" examples of "concrete" qc-dense sequences in the circle 
group (Lemma 14. Sp . in the group of p-adic integers (Lemma I4.6P and in the dual group of the 
rationals equipped with the discrete topology (Lemma I4.7p . 

Lemma 4.5 Let T = : n e N} U {0} C M, and let ip : R ^ M/Z be the natural quotient 
map. Then (p{T) is a converging to sequence inT = R/Z that is qc-dense in T. 

Proof. Let x £ be a non-zero character. Then there exists m ^'L \ {0} such that x{x) = 
for all x E T. Let n = \m\. Then ^ ^ T and so x = ip (2^) G Moreover, x{x) = "^2; = 

ip (^) T4., which shows that x ^ vC^T- Hence ^{T)'^ = {0}, and so p>{T) is qc-dense in T. □ 

Lemma 4.6 For every prime number p, the group TLp of p-adic integers contains a qc-dense 
sequence converging to 0. 

Proof. Recall that the family {p"Zp : n E N} consisting of clopen subgroups of Zp forms 
a basis of neighbourhoods of 0. Therefore, S = {kp'^ :nGN, 1 < k < p — 1} U {0} is a 
sequence converging to in Zp. Let us show that S is qc-dense in Zp. To this end take a 
non-zero character x : Zp — > T. Since Zp is a zero-dimensional compact group, its image x(^p) 
under the continuous homomorphism x must be a closed zero-dimensional subgroup of T. In 
particular, x(^p) 7^ ^- Being a proper closed subgroup of T, xC^p) must be finite. It follows 
that kerx is a clopen subgroup of Zp, and so there exists n G N such that ker^ = p"Zp. Hence 
x(Zp) = Zp/p^Zp = Z(p"). Therefore, x(l) = ^ fo'^ some m coprime to p. Choose k with 
1 < k < p — 1 and such that: 

(a) km = ^^{modp), if p > 2; 

(b) k = lifp = 2. 

Then x(^P"~^) = ^ 1"+, in case (a). Otherwise, x(2"^^) = f iu case (b). In both 
cases, ^ so x ^ S'^- This proves that = {0}. Therefore, 5 is qc-dense in Zp. □ 

Lemma 4.7 Let Q be the group of rational numbers with the discrete topology. Then Q contains 
a qc-dense sequence converging to 0. 

Proof. By Lemma |4.6[ for every prime number p the group Zp contains a qc-dense sequence Sp 
converging to 0. By Lemma HTil 5 = fanpgp(5p, Zp) is qc-dense in = J^^gpZp. In view of 
Lemma 1331 S is a sequence converging to in K. 

Define v = {Ipjpgp G K, where each Ip is the identity of Zp. Let N = M x K and u = 
(l,u) G N. Then the cyclic subgroup (n) of is discrete and G = N/{u) is isomorphic to 
Q P §2.1], so we will identify Q with the quotient G = N/{u). Define H = A/(Z x K) 



8 



and note that H = T. Let 9 : N ^ G = N/ (u) and ip : N ^ H he the (continuous) quotient 
homomorphisms. Since ker ^ = {u) Q TjxK = ker ^Z^, there exists a (unique) continuous surjective 
group homomorphism f : G ^ H such that ^ = foQ. In particular, ker / = 0(ker tp) = 9['L x K). 
Since Z x = (n) + ({0} x i^), we have 

ker / = Oil xK) = e{{u) + ({0} x K)) = 9{{u)) + 9{{0} x K) = ^({0} x K). (9) 

Let T and 99 be as in Lemma 14.51 Since T is a sequence converging to in M, and S is 
a sequence converging to in it fohows that X = 9{T x {0}) U ^({0} x S*) is a sequence 
converging to in G. 

Note that (^(T) = V(T x {0}) = f{9{T x {0})) is qc-dense in /(G) = ^ T by Lemma SSI 
Since 9{T x {0}) C X, we conclude that f{X) is qc-dense in H as well. Since S is qc-dense in K, 
9{{0} X S) is qc-dense in 9{{0} x K) = ker / by Fact[LHii) and Q. From 9{{<d} x S") C X, we 
conclude that X n ker / is qc-dense in ker /. It now follows from Lemma l4.1l that X is qc-dense 
in G. □ 

The next lemma is probably known, but we include its proof for the reader's convenience. 

Lemma 4.8 Every infinite compact abelian group of weight k is isomorphic to a quotient group 
of the group Q"" x Hpgp Zp- 

Proof. Let H be an infinite compact abelian group such that w{H) = k. Clearly, k is infinite and 
X = H isa discrete abelian group of size k [H Theorem (24.15)]. Let Y = X 0^(Q Q/Z). 
By |12[ Theorem 24.2] there exists a divisible abelian group D containing Y such that no proper 
subgroup of D containing Y is divisible. According to the text immediately following [12^ 
Theorems 24.2], ro(Z)) = rQ{Y) and rp{D) = rp{Y) for every prime p, where ro(A^) and rp(N) 
denote the free-rank and the p-rank of an abelian group N, respectively (see, for example, [12^ 
§16]). Since rQ{Y) = k and rp{Y) = k for every prime p, we conclude that 

I) = 0(Q Q/Z) - I Q J I Z(p~) J (10) 

by the structure theorem for divisible abelian groups (see jl2| Theorem 23.1]). Consider the 
compact group G = D. By ([10]), G = Q"" x HpeP^p- According to [14, Theorem (24.5)], 

H = X = G/X^, where X^ = {x D : x{^) = {0}}- Therefore, H is isomorphic to a quotient 
group of Q-xnpgpZ^ = G'. □ 

Proof of Theorem 12.71 Let H be an infinite compact abelian group. Define k = w{H) 
and G = Q*^ x OpeP^p- Lemma 14.81 there exists a surjective continuous homomorphism 
f : G ^ H. Clearly, G = HiG/ '^^lere )/) = k and each Gi is either Q or Zp for a suitable 
p G P. By Lemmas 14.71 and 14.61 for every z G / there exists a sequence Xi converging to 
which is qc-dense in Gi. Applying Lemmas 14.31 and 14.41 we conclude that X = iani^j{Xi,Gi) 
is a super-sequence in G converging to such that X is qc-dense in G. Since f : G H is 
a surjection, S = f{X) is qc-dense in H by Fact 11.4^ 11). Being the image of a super-sequence 
X in G converging to 0, S is super-sequence in H converging to [10', Fact 4.3]. Finally, 

\S\<\X\<UJ-\I\= K. □ 



5 Proofs of Facts Ol [US], [Q D and [THl 

Proof of Fact 11.11 Indeed, let B and C be bases for X and Y respectively such that \B\ < w{X) 
and \C\ < w{Y). It suffices to show that the family £ = {[V, U] : V G B,U G C} is a subbase 
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for the topology of C(X, Y), since this would imply w{C{X, Y)) < |;B x C| < w{X) + w{Y) + lo. 
Indeed, assume that / G C{X,Y), K is a. compact subset of X, O is an open subset of Y and 
/ G [-fi^, O]. Let X & K. Since f{x) € O and C is a base for Y, there exists Ux & U such 
that /(x) £ Ux ^ O. Using continuity of / and regularity of X one can find Vx £ B such 
that f{Vx) ^ Ux- Since K is compact, K C [J^^pVx for some finite subset F of i^. Now 
f€f]xeF[V'^,Ux]C[K,0]. □ 



Proof of Fact 11.31 (i) There exists n € N such that 

Vn = {x eT : kx eT+ for all k = 1,2, . . . ,n} Q U. (11) 

Let X ^ -^n- -^i^ X G X. Let /c = 1, 2, . . . , n be arbitrary. Since G XU {0}, one has kx G -ftTn; 
and so kx{x) = x{kx) G T+. This yields xi^) ^ Vn U hy (fTTj) . Since x G X was chosen 
arbitrarily, it follows that x ^ W{X,U). Since [/) = {0}, this gives X = 0- Therefore, 

= {0}' s-^d so Kn is qc-dense in G. 

(ii) Suppose that the smallest subgroup N oi G containing X is not dense in G. Then we 
can choose X ^ G such that x(A'') = {0} and xiv) some y £ G \ N. So x £ W{X, U) 
and yet x 7^ 0, in contradiction with our assumption. □ 



Proof of Fact [Ql (i) Assume that x G QciX) but f{x) QuUiX)). Then there exists 
^ G # such that i{f{X)) C T+ and ^(/(x)) ^ T+. Then x = C o / G G and x(^) ^ T+, while 
x{x) T_|_. Therefore, x ^ (5g(-^)) a contradiction. 

(ii) By our assumption, Qg{X) = G. Therefore, /(G) = fiQciX)) C QnUiX)) by item (i). 
Since QnifiX)) must be closed in H and /(G) is dense in H, this yields QnifiX)) = H, that 
is, f{X) is qc-dense in H. □ 

Proof of Fact II. 6t Since G is discrete, (i) is equivalent to D being discrete. Since D carries 
the compact open topology, this is equivalent to having W{K, U) = {0} for an appropriate pair 
of a compact subset K of D and an open neighborhood U of in T. Having this in mind, we 
are going to prove that (i) and (ii) are equivalent. 

(ii)— >-(i) Suppose that is a compact subset of D that is qc-dense in G. Take an open 
neighbourhood of in T with U CT+. Then W{K, U) C = {0}, which gives W{K, U) = {0}. 
Thus, (i) holds. 

(i)— >(ii) By our assumption, there exist a compact subset X of D and an open neighborhood 
U of in T such that W{X, U) = {0}. Let Kn be as in Fact 11.31 Then Kn Q D is compact and 
qc-dense in G. □ 

Proof of Fact 11.81 Let Z? be a dense subgroup of H. Then f~^{D) is a dense subgroup of G. 
Since G is determined, by Fact 11.61 we can find a compact subset X of f~^{D) that is qc-dense 
in G. Then f{X) is a compact subset of D which is qc-dense in H by Fact ll.4n i). Applying 
Fact 11.61 once again, we conclude that D determines H. □ 
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